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A NEW DISCRETE MONOTONICITY FORMULA WITH APPLICATION 
TO A TWO-PHASE FREE BOUNDARY PROBLEM IN DIMENSION TWO 

SERENA DIPIERRO AND ARAM L. KARAKHANYAN 


Abstract. We continue the analysis of the two-phase free boundary problems initiated in 
El. where we studied the linear growth of minimizers in a Bernoulli type free boundary 
problem at the non-flat points and the related regularity of free boundary. There, we also 
defined the functional 


< Pp ( r , u , xo ) = -j 


i/. 


|VM+(a:)|P 


U JBrixo) k - 


dx 


L 


|Vn-(a:)l^ 


BA^o) \^-^oV 


dx 


where xq is a free boundary point, i.e. xq S d{u > 0} and n is a minimizer of the functional 


J { u ) [ |Vii|^ + X{ii>0} +X{u<o}i 

Jn 


for some bounded smooth domain n C and positive constants A± with A := A^ —A^ > 0. 

Here we show the discrete monotonicity of ipp(r, u, xq) in two spatial dimensions at non¬ 
flat points, when p is sufficiently close to 2, and then establish the linear growth. A new 
feature of our approach is the anisotropic scaling argument discussed in Section 
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1. Introduction 

Let n C be a bounded planar domain such that any function in the Sobolev space 
has well-defined trace and p € {2,2 + e), for a small, fixed e > 0. Assume that tt is a local 
minimizer of 

(1.1) := / iVur + A^ X{„>o}+AP X{«<0}, u-geW^’P{n), 

Ja 
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where A+ and A_ are positive constants such that A^ — A?L >0 and g G is a prescribed 

boundary datum. In what follows xu denotes the characteristic function of the set 17 C 

The variational problem for (1.1 1 is called the Bernoulli-type free boundary problem and 
it models a number of interesting phenomena, notably planar cavitational flow of one or two 
perfect fluids (see [3] Chapter 9.11), the equilibrium configuration for heat or electrostatic energy 
optimization in higher dimensions, (e.g. heat flow with power Fourier law) and the dynamics 
of non-Newtonian fluids when the velocity obeys the power law v = where '0 is 

a stream function. Notice that s = 1 corresponds to Newtonian fluids and s is a physical 
parameter, see [3]. 


For p = 2 both the one phase and the two-phase problems have been extensively studied for 
variational [2] as well as viscosity solutions [10]. There is a significant difference between the 
one phase and two-phase problems stipulated by a sign change of u across the free boundary. 
The main and only known method for proving the optimal regularity for the two-phase problem 
is based on the monotonicity formula of Alt, Caffarelli and Friedman |2] given by 


( 1 . 2 ) 


(p{r,xo) = ^ 


|Vu''"(x)p 

Jba^o) 


dx 


|Vu (a;)p 

\N-2 


' Br(xo) \X Xq 


dx, 


where r > 0 and xq G d{u > 0}. It is well-known that if u is a minimizer of (1.1) and 
u~^ := max{0,u} and u~ := — min{0,u}, then Lp(r,xo) is a non-decreasing function of r. The 
monotonicity of p, combined with the coherent growth of j /^^(xo) I fBt(xo) 

Xq G d{u > 0}, gives uniform local upper linear bound for u, see |2|- 


The key ingredient in the proof of the monotonicity formula in |2] is the following geometric 
property of the eigenvalues of the Laplace-Beltrami operator on the unit sphere dBi. let 71,72 
be the characteristic numbers corresponding to two complementary domains ri,r 2 on dBi, 
that is 

fr 

7i(j^ + N-2):= mf i = l,2, 

then 

(1.3) 7i +72 > 2 

and the equality holds if and only if Fi, r 2 are two complementary hemispheres, see [TU], Chap¬ 
ter 12 . 

Note that in two spatial dimensions 7 ^ is the square root of the eigenvalue corresponding to 
the portion F^ of the unit circle. 

In Sectionj^we present some results related to the characteristc numbers and the eigenvalues 
of the p-Laplace-Beltrami operator for p ^ 2. 


There are fewer results established for p ^ 2 for the two-phase problem. A partial result 
on the optimal regularity of u is given in m under a smallness assumption on the Lebesgue 
density of the set {u < 0 }, and recently has been extended to a more general class of functionals 

in |5|. 

Our paper contributes in the direction of optimal regularity and monotonicity formula tech¬ 
niques. More precisely, we show that in two spatial dimensions N = 2 (and for p sufficiently 
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close to 2) the functional 

(1.4) v?p(r,u,a;o) := 4 [ |Vu+|p f 

^ J BJxn) JE 


Br-(xo) 


\Vu 


is discrete monotone (see Theorem 2.1 for the precise statement). Here r > 0 is small and Xq S 
r := d{u > 0}, being T the free boundary. Consequently, we prove that ipp is bounded if the 
free boundary is not flat at xq- 

In fact, we establish a dichotomy for (pp: either the free boundary is smooth at Xq or ipp is 
discrete monotone. 

For this, we introduce a suitable notion of flatness for the free boundary points characterizing 
the flat points. It follows from the results of that at such points the free boundary must 

be regular provided that u is also a viscosity solution in the sense of Definition |6.H see also 
the discussion in Section The fact that minimizers of J are viscosity solutions has been 
established in El- 

On the other hand, at non-flat points, we prove that pp is discrete monotone and we deduce 
from this the linear growth of u near these points. 

In the subsequent section, we present our main results. A detailed plan about the organization 
of the paper will then be presented at the end of Section 


2. Main Results 

In this section we formulate our main results. We will denote by F := d{u > 0} the free 
boundary. Fix xq € F and h > 0, and consider the slab 

(2.1) S'(h; Xq, v) := {x S K" : —h < (x — Xq) ■ v < h} 

where u is a unit vector. Let hj^inixo, r, v) be the minimal height of the slab in the unit direction 
V containing the free boundary in Bflxf), i.e. 

(2.2) r, v) := inf{/i : d{u > 0} C Br{xo) C S{h; xq, v) C Bflxo)}. 

If we set 

(2.3) h{xo,r) := inf hnii„(xo,r, u) 
then h{xQ,r) is non-decreasing in r. 

Theorem to follow deals with the points where the free boundary is not sufficiently flat. 


Theorem 2.1. Let u be a local minimizer of the functional J defined in (I.I). Then, there 
exist tame constants Pq > 2, tq > 0 and hg > 0 such that if 


(2.4) 

(2.5) 

implies that 

( 2 . 6 ) 


2 < p < po and r < rg 

then the inequality h(xo,r) > h^r, for xg € F n B^r, 

(pp{r,u,xo) < ipp{3r,u,xo), 


where h(x,r) is defined by (2.3) and ipp by (1.4). 
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Theorem 2.1 says that if at the level r the free boundary is not sufficiently flat then the tpp 
energy at the level r is controlled by the same energy at the tripled level 3r. 

ft is worthwhile to point out that in the proof of Theorem |2.1| we use a compactness argument 
based on an anisotropic scaling in order to assure the non-degeneracy of an appropriately scaled 
function, thus avoiding the use of the knowledge of the linear growth from El- 
As a consequence, we have the following: 


Theorem 2.2. Let u be a loeal minimizer of the functional J defined in (1.1), and let € T 
be a non-flat point of the free boundary, i.e. for any r < r^ we have h{xo, r) > kgr, where vq is 
given by Theorem \2.1\ 

Then, u has linear growth near xq ■ 

Observe that we always have that and u~ have comparable rates of growth from the free 
boundary, thanks to Corollary |3.6[ i.e. 


Br-(xo) 


Br-(xo) 


In order to conclude that each of these terms is bounded we apply Theorem |2.1| to infer that 
the product ^ u~^ u~ is also bounded. This is where (pp enters into the game and 

provides the necessary bound, see Section 

Outline. In Section we collect some basic material that we will use throughout the paper. 
We also show a coherence result (see Proposition 3.1 P.4) by using a different strategy with 
respect to the case p = 2 (see 0), that we think has an independent interest. 

Sections and are devoted to the proofs of Theorems |2.1| and |2.2| 

In Sectionj^we discuss the fact that any minimizer of the functional in (1.1) is also a viscosity 
solution, according to Definition |6.1| This, together with the notion of slab flatness, will allow 
us to apply the regularity theory developed in for viscosity solutions. 

Finally, in Sectionj^we recall some results concerning the relation between the characteristic 
numbers corresponding to two complementary cones for p 2. 


Notations 


C,Co,Cn,--- 

generic constants. 

U 

closure of a set U, 

dU 

boundary of a set U, 

Br{x), Br 

ball centered at x with radius r > 0, Br := Sr(0), 

T 

the free boundary d{u > 0}, 

r± 

Bind{u^ > 0}, 

/ 

mean value integral. 

UJn 

volume of unit ball. 

X{u) 

A+ X{„>o} + XP_ X{u<o}) 

A = Xl-XP_ 

Bernoulli constant. 


3. Technicalities 


In this section we gather some basic facts that we shall use in the forthcoming sections. 


of the important results to be proved is the coherence estimate (3.1). In the case p = 2 


One 

this 
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estimate was showed in [5] (see Theorem 4.1 there), and the proof uses the Poisson representation 
formula, that we do not have for p ^ 2. However, a combination of the methods from 0 , m 
and [H] will give the result. 


3.1. Some basic properties of the local minimizers of J. In the proposition to follow all 
claims are valid in any dimension. 


Proposition 3.1. Let u G be a local minimizer of J. Then 


P.l 

P.2 


ApU^ > 0 in the sense of distributions and ApU = 0 m {it > 0} U {u < 0}, 
there is cq > 0 such that if 


\Brixo) n {U < 0}\ 

hmsup-———- < Co, 

r —>-0 \^ r \^ 0 )\ 


xo e r. 


then u has linear growth near xq depending only on ^ times some tame constant, 

P.3 Vu S locally, for any finite q > 1, and u is locally log-Lipschitz continuous, 

P.4 for any D fl there exist f > 0 and C > 0 depending on p, sup |it|, dist(Zl, 9H) such 
that for any Xq G T D Bi 


(3.1) 


/ 

J dBr.(xo) 


< Cr, 


for any r < r. 


Remark 3.2. Note that P.4 in Proposition 3.1 says that either both ^ u~^ and ^ u 

go to +00 as r ^ 0 or they both remain bounded. 


Remark 3.3. We stress on the fact that the results in Proposition 3.1 hold in any dimension 


Proof. P.l follows from a standard comparison of u and u + ep for a suitable smooth compactly 
supported function p, and the proof of P.2 can be found in m- 

Now we focus on the proofs of P.3 and P.4. For this, we observe that it is enough to show 
that 

(3.2) locally Vu G BMO. 


Indeed, if this is true then Vu G locally, for any 1 < g < +oo. Moreover, the log-Lipschitz 
estimate follows from Theorem 3. This proves P.3. 

Also, u is continuous and 


lim 


f 


Now, we notice that, for e > 0, 


It = 0 for anyxo G P. 


I 


~N-1 


/ Vu{x) ■ ^ dx 

> B„{x) ^01 


£ Jb,{x) 


Vu{x) — -f Vit 1 • 7 -—^ dx 


Be(x) 


\X - Xo\ 


< e \ ^ 


( —^ j \/u{x) — -f Vu dx I —>■ 0, 
Jb,{x) Jb,{x) ) 
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as £ —>■ 0, thanks to the BMO estimate in (3.2). Thus 


1 


/ dBr{x) 


J J u[xq + tuj) d'H}'^ dt 

f f Vu{xq-\- v) ■ y dV} dt = 

Jot JdBt 


1 d 


Vu(x) ■ dx \ dt = 


t^ ^ dt yjBtixo) 


1 

r-A-l 

1 

rN-l 


I Br-ixo) 


Vu{x )-^—^ dx + {N — 1) 
\x-xo\ 


I Br(xo) 


Wu{x) — 


Vu 


Br-ixo) 


X — Xq 
jx - Xol 


■ 1 

w 

dx 


Bt{xo) 


Vu{x)- -^ dx 

\x - Xol 


r ^ f 


Jo t^ JBtixo) 

'Vu{x) — -r Vm 

J Bt{xo) 


X — Xq 

\x - Xol 


dx dt. 


Therefore, the BMO estimate in (3.2) yields 


1 


rN-l 


> dBr{x) 


< 3r|jV m||_bmo, 


which gives the desired result in P.4. 


Hence, it remains to show (3.2), that is that locally Vm G BMO. In order to provce it, 
fix i? > r > 0 and let v be the solution of ApV = 0 in B 2 r{xq) and n = u on dB 2 R{xo). If 
follows from m p. 100 that 


f \\'{u-v)\P <CR^, 

J BoT?(xa^ 


' B2r(xo) 

for some tame constant C > 0. Notice that, by Holder inequality. 


(3.3) 

up to renaming C. 
Now, we denote by 


f |V(n-u)p < Ci?^, 
J B2r{xo) 


{'^U)xQ,P ■ - Y Vx/r, 

J Bp{xo) 

and we observe that, using Holder inequality, 


f \(^v)xo,r - f 

Jb^(xo) JB^(xa) Wr\ \j E 


Vv — Vm 


I Brixo) 


(3.4) 


< ( / IVu-VmI ) 

\JB^ixo) J 

< I |Vu-Vm|^ 

JbBx„) 


I B^(xo) 

Furthermore, we have the following Campanato growth type estimate (see [13] Theorem 5.1) 


(3.5) 


r / T \ ^ r 

/ |Vu-(Vu),„,flp< (- / |Vu-(Vu),„,K 

JBr.(xo) JBR(xn) 


Br{xo) 


where the symbol ^ means that the inequality is true up to a positive constant. 
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Therefore, using (3.3), (3.4) and (3.5), we have 
/ |Vm - (VM)xo,r|^ 

JBJxn) 


Now, we define 


It follows from m that 


< 


< 


< [ \Vu-Vvf+[ 

J Br-ixo) JBr-ixo) 

+ f I (^'J^)a;o,'r ~ (Vu)a;o,r-| 

J Br{xo) 

< f |Vu-Vup+ /" |Vt- 

J Br{xo) J Brixo) 

f + [ \yv-{yvU,,R\^ 

Jb^xo) JBr{xo) 

[ IVu-Vup 

J Br(xa) 

I IVlI-VMp+f |Vm - (VM)a;o,R| 

J Br(X(\') j Br{xq) 

2 


/ S^(a:o) 

^ A^+Of 


.r) 

' r y 

Jr) 


< 


/ r\^+“ r 
(p) / |(Vu),,„,_R- 

JBaixo) 

|2 


< 


< 


/ |Vu-Vi;|^ 

J Br-{xo) 

/ r N '^+“ C C 

+ (p / \Vv-Vu\^+ \Vu-iVuU,H\ 

\JBr{xo) JBaixo) 

f + [ |Vu-(VwU.fl|2 

JBiiixo) JBnXxo) 

/ r \ N-\-a r 

(^^r+(p) / \Vu-{VuU,r\\ 

JBnixn) 


V'(r):=sup / |Vu - (VM)a;o,t| 
t<r J 


Bt(xo) 


( Y- \ N-\-Oi 


for some positive constants A, B and a. Applying Lemma 2.1 from |18) Chapter 3 we conclude 
that there exist c > 0 and i?o > 0 such that 


V>(r) < cr^ 


for all r < ii < i?o, and hence 


[ \Vu-{Wu),„,r\^ <Cr^ 

JB^(xn) 


Br{xo) 

for some tame constant C > 0. This shows that Vm is locally BMO and concludes the proof of 
(3.2). The proof of Proposition 3.1 is then complete. □ 


As a consequence, we have: 
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Corollary 3.4. Let u G be a loeal minimizer of J. Then for any subdomain I? d 

there is a constant C > 0 depending on p, sup |m| and dist(£), i9r2) such that 


(3.6) 


< Cr 


for any xq & d{u > 0} and r > 0 such that Br{xo) C D. 


J Br{xo) 

3.2. A remark on the two-phase problem. We can write the functional in as 

J{u)= [ |Vnr + Ax{,>0}+A^|f2|, 

Jn 

with A := A(|. — AO > 0. Notice that the last term does not affect the minimization problem, 
and so if n is a minimizer for J, then it is also a minimizer for 


(3.7) J{u):= [ \S/u\P + Axiu>o}- 

Jn 

Observe that the free boundary d{u > 0} H d{u < 0} for the minimizer u of J coincides 
with d{u > 0} if A > 0, see e.g. Subsection 3.4 in [Ti] . 


3.3. Alt-Caffarelli-Friedman monotonicity formula. Here we recall a result obtained in [9], 
see in particular Lemmata 2.2 and 2.3 there. 


Theorem 3.5. Let p = 2 and be two continuous subharmonic functions with disjoint sup¬ 
ports in Bi and such that u^(0) = 0. 

Then we have that 


ip2{r,u,xo) > -<p2{r,u,xo){x{T+) - 2 ), 

r 


where (p 2 has been introduced in (1.4) and 


7 (r±)( 7 (r±) + A-2) 


inf 

«G<-"(r±) 


fr± 


Furthermore, let 7 (r) := 7 (r_|_) + 7 (r_) — 2. Then 7 (r) > 0 for all small r. Moreover the 
strict inequality holds unless Fj. are both half-spheres. In particular if any of the Fj. digresses 
from being a half-spherical cap by an area-size of e, say, then 


7 (r) > C£^ 


for some C > 0. Here E* stands for the spherical symmetrisation of E. 


We will use here only the two dimensional version of Theorem |3.5[ 


3.4. Some estimates for capacity. In this section we gather some well-known facts about 
the capacity on the plane and the one dimensional Hausdorff measure. So, we fix A = 2 and, 
for p > 0, we define 

(3.8) nl{E)-.= \niY,r,, 

i 

where the infimum is taken over all the coverings of A C by countably many balls of radii 
Ti < p. Clearly TLpiE) is a decreasing function of p, hence if TC{E) := limp_j.o'Hp(£') exists 
then it is called the one dimensional Hausdorff measure of E. It is also useful to define the set 
function "Hb, called the Hausdorff content. 
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Throughout this paper the Ci/ capacity, defined in [T] page 20, is denoted by cap^. Let 
cap^(i?, Q) be the i capacity oi E C Q where Q C is a square and \ < i <2. 

We have the following lower estimate for the capacity in terms of the Hausdorff content, see 
e.g. Corollary 5.1.14, inequality (5.1.3) in [T]: 

(3.9) cap,(T;,Q) > cap,(T;,M2) > A(H^(L;))2-^ 


for a tame constant A > 0. 


It is convenient to formulate a version of (3.9) replacing the Hausdorff content with the 


measure For this, let E := d{v > 0}, for some continuous function v G C{Q) such that 
d{v > 0} is connected, the centre of the square Q belongs to d{v > 0} and d{v > 0} n dQ ^ 0. 
If Co is a line passing though the centre of Q and a point on cl{i; > 0} C dQ then the 
measure of the projection of d{v > 0} on Cq is at least ■ Let now cr > 0 be such that 

^{^{E) > a. Observe that there is po > 0 such that > cr if Vi < po, for all coverings of 

E by countably many balls of radii Vi < po- Moreover, for all the other coverings we have that 


^ Po ^ f ■ Thus, choosing a := ^VC^E), we get from (|^) 


(3.10) 


cap^(i?, Q) > cap£(i?,K^) > A 


n\E) 


We will also need another lower estimate for the capacity, see e.g. [16] page 5: 

(3.11) cap^(F;,K2) > A|F;|1-5, 

where |i?| is the Lebesgue measure on the plane. 

Finally we state the Poincare inequality for v G W^’^\ there is a tame constant c > 0 such 
that 


cap,({i; = 0},7^)y^ 

where D is a ball or a square, see [16] pages 15-16. 




3.5. Gehring’s Lemma. Here we recall the Gehring’s result on the higher integrability, see 
HH], Proposition 1.1, page 122. 


Proposition 3.6. Let Q be a square and r > q > 1. Suppose that / G L^[Q), and that 

I 


(3.13) 




Qni^o) 


r+0 


\^2r{xo) 


Q2r(xo) 


Q2r{xo) 


for each xq G Q and each R < min{i dist(a;o, SQ), i?o }7 where Rq, b and 9 are constants with 
b > 1, Ro > 0 and 0 < 6 < 1. 

Then there exist e > 0 and c > 0 such that g G Lf^^{Q) for p G [q,q + e) and 


(3.14) 




for any R < Rq such that Q 2 R C Q, where c and e are positive constants depending on 6,0, q 
and r. 
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4. Proof of Theorem ETT 


4.1. Step 0: Heuristic discussion. We will prove Theorem 2.1 using a contradiction argu¬ 
ment. That is, we assume that there exist pj — )■ 2, with pj > 2, Xj G P and rj — >■ 0, as j -G -l-oo, 
such that h{xj,rj) > and 



(4.1) 

We set 

(4.2) 

and introduce the scaled functions 

(4.3) 

By construction we have 

(4.4) 


(rj ,u,Xj)> pp^ {3rj ,u,Xj). 

\ i/Pj 


Bir-Axj) 


\Vu^{y)\P^ dy ] 




, u^{xj+rjx) 


ufix) := 


\Vu 


j Wl^ABs) 




= < 3. 


Hence, from (4.1) we deduce that 
(4.5) 


or equivalently 
(4.6) 


Pp-{l,Uj,Qi) > pp.{i,Uj,Qi) = 1 , 


j |VM+r- J \WU-\P^>1. 


Thanks to the uniform bound (4.4) we can extract a subsequence that weakly converges to some 
uj G Consequently, from the semicontinuity of the Dirichlet’s integral we have that 


-^0 
(4.7) 


limv?p^.(l,Uj,0) > lim(/3p^.(3 ,Mj,0) > p2(3,uo,0). 


In order to handle the limit on the left hand side we need strong convergence of Vuj in, 
say, (e.g. it will suffice to have uniform higher integrability of {Vrtj}, for instance 

|Vuj| G L'^{Bi) for some hxed q > 2, which we will prove using the Gehring’s lemma). Suppose 
for a moment that this is true, then passing to the limit in (4.7) we infer the inequality 

( 4 . 8 ) p2{l, Mo, 0 ) > 932(3, Mo, 0 ). 

Note that thanks to the uniform convergence Uj -G uq, as j —>■ -|-oo, (due to the estimate 
|Vm| G with q > 2, and the Sobolev embedding), we obtain that (|2.5[) translates to 


(4.9) 


h{0, 1 ) > ho- 


3.1 


we have that > 0 , and this translates to 

Pj J — , 


Furthermore, from P.l in Proposition 
Am^ > 0 in view of the estimate for q > 2 . 

If both the functions mJ do not vanish (i.e. both m^ and uJ are non-degenerate) then Mq are 
admissible functions in Theorem 3.5 and we infer from (4.8) that Uq = Uq — Mq is a two-plane 
solution in Ha \ Hi. Consequently, employing some standard unique continuation results for 
harmonic functions we shall conclude that mq is a two-plane solution in H 3 which, however, will 


be in contradiction with (4.9) and the proof will follow. 
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Now we begin with the actual proof of Theorem |2.1[ It is convenient to split the proof into 
a number of steps, which in combination shall yield the proof of Theorem |2.1[ In Step 1 below 


we prove that the scaled functions defined in (4.3) remain uniformly non-degenerate in L^{B 2 ). 
Step 2, which is the most technical one, takes care of the higher integrability of the gradient of 


the scaled functions Vm^-, allowing us to pass to the the limit in (4.7). To do so we employ the 
Gehring’s Lemma (recall Proposition [3^ and the Caccioppoli’s inequality. One more technical 
issue that arises here is to establish a Poincare type estimate for the scaled functions Uq . In 
Step 3 and Step 4 we perform a gap filling argument based on some ideas from the unique 
continuation theory, allowing us to extend the linearity of uq from B 3 \ Bi into Bi. 


4.2. Step 1: Non-degeneracy. In order to take the limit of the scaled functions u* as j 


-foo (recall (4.31), we need to ensure that both Uj and u do not vanish identically. Lemma 


to follow provides a lower bound in term of integrals. 


Lemma 4.1. Let uj be as in (4.3). Then, there exists Cq > 0 independent of j such that 


/ l<P / \n-r>Co. 

Ib2 JB 2 


Proof. From the scaling properties of the operator Ap it follows that is pj-subharmonic 
in B 3 . Therefore, we have that, for any ip G Cq^B^), with ip > 0, 

(4.10) j \\7u+\P^-^\7u+ • < 0. 

J 

Now, we consider a cutoff function rj G C°°{B 3 ) such that 77 > 0, 17 = 0 in i ?3 \ i ?2 and 77 = 1 


in Bx, and we take ip := uf rf^ in (4.10). We obtain 


f \Vu+\P^r,P^+pj f \Vu+\P^-\+ pP^-^VupVp <0, 

J S.q J 


/ S3 J S3 

which implies, using Holder’s inequality, 


[ \\/u+\P^r]P^ < pj [ (|Vu+|P^ ^ 77 ^^ (W+IV 77 I) 

J S3 J S3 


< pji \yu+\p^pp^ 


'Bs 


’B 3 


\u+r 


This gives that 


\Wu+\P^r,P^ <pf f \u+\P^ |V77|Pg 
J S3 


J S3 J S3 

Therefore, recalling the properties of 17 , we obtain that 


(4.11) [ |V77+|P^ < / <pf /" \upP^ \Wp\P^ < Cp^/ [ \u+\Pp 

JB\ S3 S3 S2 

for some C > 0 independent of j. 

Notice that a similar result holds if we substitute with uj in the previous computations. 
Namely, 


f \Vu-\P^ <Cp^/ [ 

Si J S2 


IPj 
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Combining this and (4.11) and using (4.6), we get 


e 

1 

IV 

1 

c^pf^ 

> 

1 

c^pf 

> 

Co, 




for a suitable Co > 0 independent of j (recall that 2 < pj < po)- This concludes the proof of 
Lemma 14.11 □ 


4.3. Step 2: Higher integrability. The next result is based on the Gerhing’s Lemma (see 
[T5] page 122 and Proposition 3.6 here) and allows us to obtain higher integrability of Vuf and 


thus to justify the passage to the limit and infer (4.8). 


Lemma 4.2. Let be as in (4.3). Then there exist q > 2 and C > 0 independent of j such 
that 

I|Vu^||l<,(_Bi) < C. 


Proof. We first claim that there exists a universal constant C > 0 such that, for any square Q 2 B. C 
i ?3 (with i? > 1), it holds 


(4.12) 



< C 



for any fixed £ satisfying pq/2 < £ < 2 (recall that po is the constant in (2.4)). However, one 
may also take £ := ^, since here it is only important to have £ G (1,2), i.e. the lower order 
norm controls the higher order norm. 


We show (4.12) only for uL since the proof for u - is analogous. We denote by 


(4.13) 




that is Pj is the Sobolev exponent corresponding to £j. Notice that 1 < £j < po/‘2, therefore, 
if £ > po/2 then £> Ij. Also, Ij —?► 1 as j —>■ + 00 . 

So we fix £ independent of j such that po/2 < £ < 2 and consider three possibilities: 

Case 1) Q 2 R n d{u'j = 0} ^ 0 and cap^({u^ = 0},Q2r) > 5R^~^, for any j, for some 5 > 0 

independent of j, 

Case 2) Q 2 R n d{u'^ = 0} 7 ^ 0 but the capacity cap^({M^ = 0},Q2r) is small. 

Case 3) Q 2 R C = 0} = 0. 


Case 1): We use the fact that u'^ is p-subharmonic in (recall P.l in Proposition 3.1) 
to deduce that, for any ip G with ^ > 0, we have 


(4.14) 


[ |Vu+|P^-2yy+ . < 0 . 

Jb3R 


Now we take a cutoff function p G C°°{B 3 ji) such that ry > 0, ry = 1 in Qr, ry = 0 outside Q 2 R 
and |V7y| < ^ for some C > 0. Then, we choose ip := u'^ ry^J in (4.14) and we obtain that 

f \\7u+\P^pP^ +pj j • Vry < 0. 
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After applying Holder’s inequality, this yields 

f \Wu+\P^r,P^ <pP/ f |u+p|V77p. 

J J 

Therefore, recalling the properties of ry, we have 


r CP^ f 




which implies that 
(4.15) 


RP^ 

CPi pP-^ 


/ \Vu+\P^ < 2" / \u+ 

JQr JQ2R 


\P3 


Rescaling uj and setting 


(4.16) 


■(a;) := u\{Rx), 


we observe that Pj is the Sobolev exponent corresponding to ij, see (4.13), hence the Sobolev 
embedding gives that 


(4.17) 


'Q2 


\vJ\P^ 


i/pj 


< C 


'Q2 


IVn/ 


1/A 


<C[ k/r + lVz; 


+ 1^ 
J I 


i/e 


for some C > 0 (recall that £ > ij). Furthermore, using the scaling properties of the £—capacity 
and applying the Poincare inequality (3.12), we get 

\ i/e 


(4.18) 


'Q2 


1 /e 


< 


ca,pgi{vj = 0},Q2) 


’<32 


IVt+I 


1 /e 


< Co 


ivc; 


i/e 


where cq is a positive constant independent of j. 


Now, putting together (4.17) and (4.18), we obtain that 
(4.19) 


'Q 2 


i/pj 

<c(i+co) 


<Q2 


ivc; 


i/e 


Now we observe that, by (4.16) and by making the change of variable y = Rx, we have that 

(4.20) 


IQ 2 


\v'^{x)\P^ dx = f \u'^{Rx)\P^ dx 
Q 2 

= R-^ [ \u+{y)\P^ dy = 2 ^ j |R+(y)r^ dy. 

'J OoFt 'J OoFt 


Moreover, from (4.16) we deduce that 


(x) = RVu^ (Rx), 


which implies 

(4.21) 


f \Vv+{x)fdx = R^ f \\'uf{Rx)\^dx 
JQ 2 JQ 2 

( \\/u+{y)Uy = 2 ^R^ j |Vw+(j/)r. 

'J 0.2. R 0.2 R 


= R 


Using (4.20) and (4.21) into (4.19), we get 
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From this and (4.15), we obtain 


R 


CPj 


'j \JQ 


i/Pj 


\VupP^ ] < 2^/^ 


Hr 


i/pi 


< C(l + co)22/^i? \Vu+fy , 


i/pj 


Q 2 R 

i/e 


or equivalently 

j 

up to renaming constants. 

Now, since pj >2, for any fixed i such that po/2 < £ < 2 we have 


\ 1/2 / r \ l/Pj 


|Vm- 


+\( 


Q 2 R 


i/e 


which establishes (4.12) in the Case 1). 


Case 2): Suppose that cap^({u^ = 0},Q2r) < We take the square Q^ji 

consider two subcases: 


2a) gjfln{u+ = o} = 


2 b) g3j,n{u+ = o}^0. 


In Case 2a), thanks to P.l in Proposition 3.1 we have that is pj-harmonic in Q 


so 


(4.22) 


[ \\7u+r-^\7u+ -^71^ = 0, 

•'QiR 


for any ip S CQ(g 3 ^). Now we take a cutoff function 77 G C°°{B 3 ) such that r] > 0 
in Qn, 77 = 0 outside Qiji and IV77I < C/i? for some positive C. We also set 

/ H{x)dx. 




'Qs 


Therefore, taking ip := {u^ — Uj)rj in (4.22), we obtain that 


' Qi-R 
2 " 

So, by Holder’s inequality. 


f \vu+r + pj f ru+r-^H - 

•'QiR ''QiR 


f ivu+ 1 ^^ 77 ^" < f 

JQSr JQiR 


which implies that 


r ^ CP^p^/ r 


ut -ut\P\ 


RP^ Jq,_ ' ^ ^ 


thanks to the properties of rj. Thus 

RP^ 


(4.23) 


cp^pf Jqr 


i 


<-7z+r'. 


and we 


3 fl, and 


, 77 = 1 
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Now we rescale in the following way: we set {x) := u'^{Rx) and := | (x) dx. 


Notice that 
(4.24) 


T+ = I - 


(?) /^_.;(fix)<ix=(A) f u-it,) = 


From the Sobolev embedding and the Poincare’s inequality we get 

i/pj 




<cU 


K -vtr + 


(4.25) 


<C 


{Iq 3 + 


1/t 


1 /e 


<C 


'Qs 


|Vt+| 


where ij is given by (4.13), po/2 < ^ < 2, and the constant C > 0 may vary from line to line 
but it is independent on j (recall (2.5)). 


Using the change of variable y = Rx and (4.24), we have that 


f Iv'^ix) — dx = f \u'j{Rx) — dx 

Jq 3 JQ 3 

2 2 

= \u^{y)-u+\P^ dy= 012 ^ |u+(y)-u+|P^ dy. 

3d ' ^ 3 D 


Similarly, one can check that 


4iv„;r=(|)^c,/^ iv„;r. 


Inserting the last two formulas into (4.25) we obtain that 

i/Pj 


i 


\u+-u+r 


< C 


1/1 


i/e 


R 


\Vu 


which, together with (4.23), implies that 


|Vw 


+ |P3 


Qr 


1/Pj 


< Cp, - 


3\ 


2/1 


l/l 


l/t 


27 


|Vm 


Qi 


+ \i 


< C 


\Vu 


Qs 


up to renaming C. Notice that C is independent on j, thanks to (2.4) and the fact that £ < 2. 
Thus 


Ql 


|Vu+|P^- 


i/pj 


< C 


IV 


Q2R 


1 /e 


This, together with the fact that pj > 2, implies (4.12) for any po/2 < i < 2. This finishes Case 
2a). 


Now we suppose that Case 2b) holds true. Since the ^capacity of {m)" = 0} in Q 2 R is small 
relative to R^~^, it cannot happen that QiR C {u^ = 0}, otherwise we would have a uniform 
bound from below for the capacity (see e.g. [E]). Therefore, there exists a point q G d{u'j > 
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(b) Case 262 


Figure 1. The two sub-cases of Case 2b 


0} n Qiji- Let := d{u^ > 0} and K C {u^ = 0} be the component of = 0} such 
that q G dK. 

Suppose first that K is the unique component of = 0} such that K n Qifi 7 ^ 0. Since u 
is a minimize!, then it is log-Lipschitz continuous, see Proposition P.3 in 3.1 therefore Uj is 
continuous. Hence, 


2 & 1 ) either dK n dQ 2 R ^ 0, see Figure 1(A), 
2 ^ 2 ) or dK {£ Q 2 R, see Figure 1(B). 


In Case 2bi), that is when dK n dQ 2 R 7 ^ 0, we have that 
(4.26) n\d{u+= 0 }niQ 2 R\Q^R))>^, 

since uj is a continuous functions. Indeed, let and ^2 be the intersection points of dK with 
dQi]^ and dQ 2 R, respectively, and let Kq be the orthogonal projection of r := SATn (Q 2 r\Q|r) 
on the line joining and ^2- We consider a covering of r, namely t C Ui^iBi{xi), such 
that diamBi(xi) < e for every i G I. Hence, denoting by i G I, the projection of Xi 
on the line that joins and ^ 2 , we find a covering for Kq, that is Kq C Ui^iBi(xi), with 
diamBi{xi) < e. Consequently, 

■He(T) > UHKq) = inf^diamHi(xj) > 


where the infimum is taken over all the coverings of Kq such that diamHi(xi) < e. Hence, 
sending e to zero we obtain (4.261. 


We notice that (4.261 gives a lower bound of the capacity, thanks to (3.101, and so we conclude 
as in Case 1). 


In Case 262 ), that is when dK d Q 2 R, we recall Subsection 3.2 in order to conclude that 
the free boundary is given just by d{u > 0 }. 

That said, we observe that if Uj < 0 inside K and Uj < 0 outside, then actually Uj = 0 


inside K, since Uj = 0 on dK and it is 


Pj 


-subharmonic inside. Thus 


(4.27) 


Uj >0 in Qa^. 
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Thus, we can consider the pure one-phase minimization problem (3.7) in (recall that A > 

0 ). 

Now, if Qifi is contained in the set K, then we have a uniform lower bound for the capacity, 
and so we conclude as in Case 1). 

Hence we suppose that is not contained in AT, and we take a small square centered at q, 
say QR{q), such that Qsiq) C (see Figure 1(B)). 


Now, recalling (4.27), we have that we can deal with a one-phase problem in the square Q r {q). 


Hence, from Theorem 4.4 in m we obtain that 

|{«+ = o}ng|^((;)| >coi?^ 

for some universal constant cq > 0, see Figure 1(B). Again this implies a lower bound for the 


capacity, thanks to (3.11), and so we conclude as in Case 1). 


Suppose now that there is another component K 2 C {u'^ = 0} such that 7^2 7 ^ 0 (that 
is Uj may change sign). Then, as before, either 8 X 2 C dQ 2 R 7 ^ 0 or dK (g Q 2 R- In the first 
case, we obtain a lower bound for the capacity reasoning as in Case 26i). In the second case, 
we use again the maximum principle to reduce ourselves to a one-phase minimization problem 
and, from the density estimate for the zero set, we get a lower bound for the capacity. 


Case 3): Finally we deal with the last case, which is the easiest one. In fact the proof 
follows as in Case 2a) if we replace there Qm with Q 2 R- 


Thus, since pj > 2, for any po/2 < 7 < 2 we obtain the claim in (4.12) also for squares that 


do not touch d{u^ = 0}. 

Combining all the cases treated above, we can see that for any square Q 2 R C B 3 and some 
fixed £ with pqI2 < £ <2 there exists a tame constant C > 0 such that there holds 


Qb 


|V^ 


,+ l2 


1/2 


< c 


Q 2 


|Vm 


i/e 


Therefore we can apply the Gehring’s Lemma (see Proposition 3.6 and for instance m for the 
proof) and we get that there exists q > 2 such that 

||Vu+|U,(Q,) <c, 

for a suitable C > 0. By a covering argument, this implies the desired result. □ 


From the uniform estimates in with q > 2, and the Sobolev’s embedding Theorem 

we immediately get the following: 


Corollary 4.3. The functions Uj are uniformly continuous in B 2 . 


4.4. Step 3: Linearity in i ?3 \ i?i. Thanks to Lemma 4.2 and a standard compactness argu¬ 
ment, we conclude that 


(4.28) converges strongly in (7?i), for any q' < q, with q > 2, to some Vuq . 
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Moreover, Lemma 4.1 implies that both uj and Uj are non-degenerate. Therefore, since pj 
as j —)■ - 1 - 00 , from (4.5) we deduce that 


(4.29) 


liminf . (1, M,, 0) > liminf tpp. (3, u,-, 0) 

j—loo ^ j—loo 


= liminfS"^ 

j-loo 


B3 


ivu+r^ / ivu- 


IPi 


IB 3 


> 


3-4 / |Vu+p / |Vuo-p = ‘^2(3,uo,0), 
J B3 J S 3 


where the last line follows from the semicontinuity of the Dirichlet’s integral. 

On the other hand, (4.28) implies strong convergence of the gradient in Lp'{Bi), since q> 2 
in Lemma I 4 .21 Therefore 


liminf0) = liminf [ [ |Vu |^^= [ |VmqP [ iVu, 

i^ + 00 


ioP- 


Hence, 

(4.30) 


(/92(3,Mo,0) < [ |Vu+P [ IVUp P = (/?2(1,WO,0). 

JBi JBi 


Now, we observe that Uq and Uq are non-negative subharmonic functions with disjoint 
supports fulfilling the conditions of Theorem |3.5[ and so the monotonicity of p 2 implies that 


‘/?2(l,'«o,0) < <^ 2 ( 3 , Mo, 0). 


This and (4.30) give that ip 2 is constant in Ha \ i?i. Thus, Theorem 3.5 yields that Mq and 
must be linear in H 3 \ Hi, say, Uq = axf and Uq = /3a:(j", for some a and /3 > 0. 


4.5. Step 4: Filling in the gap. In this subsection we want to show that Uq and Mg are 


linear in H 3 , and this will give a contradiction with (4.9). For this, we will prove that either Uq 
in {mo > 0 } or Uq in {mq < 0 } is harmonic, in order to employ some unique continuation result. 
Let us show that 


(4.31) 


Uq is harmonic in {mq > 0 } 


(the proof for Mq is analogous). We take a point xq S H such that Mo(a;o) > 0, then, thanks to 
the uniform convergence of uj to mq, we have that Uj{xo) > 0 for j large enough. Therefore, 


Corollary 4.3 implies that there exists a small 6 = S(xo) > 0 such that Uj > 0 in Bs{xq), and 


so we can use P.l in Proposition |3.1| to obtain that 

Ap.Uj=0 inBsixo). 

Therefore, for any ij) S Cg^{Bs{xo)), we have that 

f < f IVm,-- f 

JBsixo) JBsixo) 

Taking the limit as j —^ -l-oo we have that 

(4.32) f |VwoP < [ IVwo + Vt/^P, ^OT a.nj i/j G C^{Bs{xo)) 

JBA(xn) JB;;(xn) 
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(recall that ip is fixed and that we have strong convergence of Vwj to Vuq in ^ 


density argument, from (4.32) we get 


[ |VuoP < [ for any u e s.t. v - Uq € W^’‘^{Bs{xo)). 

Auq = 0 in Bs{xo). 


' Bs{xo) J Bs{xo) 

Thus we conclude that 


Since uq is a continuous function, this implies (4.31). 


From Step 3 and (4.31), and applying the Unique Continuation Theorem (see [HD, we obtain 
that 


(4.33) 


Uq and Uq are linear in B^. 


On the other hand, the uniform convergence of Uj to uq, as j —)■ +oo, implies that (4.9) holds 


true, and so the level sets of uq are not flat in Bi. Indeed, by the uniform convergence, for 
any e > 0 there is jo such that [Cxi — u^(a:)| < e whenever j > jo, where we assume that 
Ug (x) = Cxi for some constant C > 0. Since d{uj > 0} is Hq thick in Bi it follows that there 
is Uj G d{uj > 0 } n i?i such that yj = e\h^l2 + tje 2 , for some tj G ffi, where ei is the unit 


direction of the xi-axis and 62 T ei. Then we have that \C^ ~ 0| = Woiyj) — u'^iyj)] < e 


which is in contradiction with (4.33), and thus concludes the proof of Theorem 2.1 


5. Proof of Theorem EH 


In this section we prove Theorem 2.2 For this, we recall Corollary 3.4 and we square (3.6): 
we have 


(5.1) 


1 


u+ 1 + ( - 


y''" J Bj.{xo) J y''' J Br.(xo) J 

where C > 0 is the constant appearing in Corollary |3.4| 


+ u+ f u 

^ J Br{xo) J Br.{xo) 


Now we set it)f(x) := u^(rx). So from the Holder inequality, the Poincare inequality (3.12) 


and (3.10), we have that, for any 1 < £ <2, 


i u^{x)dx<('f {u^f{x)dx] =(/ {ufY{y)dy 
J B^(xo) yJ Brixo) ) yJ Bi{xo) y 

<Ci(/ |Vu?(y)|^dy) =cAr^i |Vu±|M 

yJ Bi{xo) J \ J Br(xo) J 

= C,r(^ |Vu±|M , 

\JbAxo) j 

for some Ci > 0. However, from Holder’s inequality we have for p > 2 > € > 1 


Brixo) 


\Vu 


±\l 


< I f |Vu±|P 

! Br-(xo) j 


Therefore 


for some (72 > 0 . 


1 


^ J B^{xo) 


^ JB^{xo) 


u < (7^ + (72(pp(r,M,xo))p, 
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Let now := 3 for any fc S N, where fco is the smallest positive integer such that 

3-feo ^ jf 3-m,-i < 7. < 3-"*^ for some m € N, then 

iPp{r,u,Xo) < C'3(/?p(3“"",u,a;o) < C3(pp{3~''°,u,xo) 

for some C 3 > 0, implying that 


1 


^ J Br{xo) 


1 <C‘^ + C{(pp{3 ’‘°,u,xo))p, 


for suitable Ci > 0. Hence, P.4 in Proposition 3.1 and the weak maximum principle (see 
Corollary 3.10 in [22]) imply the estimate sup 3 ^( 2 ,g) |u| < Cr. This completes the proof of 
Theorem 12.21 


6. Viscosity solutions 

In order to apply the regularity theory for free boundary problems developed for the viscosity 
solutions in [sniEii we shall observe that any weak minimizer is also viscosity solution 

(see Definition 2.4 in jTUj for the case p = 2). For this, we denote by D+(u) := {u > 0} 
and n~{u) := {u < 0}. Moreover, 

G{ut.uZ)-.= 

is the flux balance across the free boundary, where and u~ are the normal derivatives in the 
inward direction to and D“(u), respectively (recall that A = A?(. — A^). 

We recall the definition of viscosity solutions for the case p ^ 2 (see Definition 4.1 in El)- 

Definition 6.1. Let D a bounded domain in and let u be a continuous function in SI. We 
say that u is a viscosity solution in SI if 

i) ApU = 0 in Sl+(it) and Sl“(u), 

ii) along the free boundary P = d{u > 0} U d{u < 0}, u satisfies the free boundary 
condition, in the sense that: 

a) if at Xq S r there exists a ball B C Sl+(u) such that H n P = {xg} and 


(6.1) 

U^{x) > a{x — Xg, iz)"*" -1- o(|x — Xg|), 

for X G B, 

(6.2) 

U~{x) < (3{x — Xg, -I- o( X — Xg ), 

for X G 


for some a > 0 and /? > 0, with equality along every non-tangential domain, then 
the free boundary condition is satisfied 

G{a,/3) < 0, 

b) if at xg € P there exists a ball B C Q,~{u) such that i? n P = {xg} and 
u~{x) > /3{x — Xg, v)~ + ~ 2^o|)) for X G B, 

u'^{x) < a{x — Xg, iz)+ + o(|x — xg|), for X G dB, 
for some a > 0 and /? > 0, with equality along every non-tangential domain, then 


G{a, (3) > 0. 
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With this notion of viscosity solutions, in m we prove the following: 


Theorem 6.2. Let u G be a minimizer of 

in the sense of Definition \ 6 . 4 

See Theorem 4.2 in [T3] for the proof of Theorem 
We also recall the notion of e—monotonicity of a viscosity solution to our free boundary 
problem. 


6.2 


1.1). Then, u is also a viscosity solution 


Definition 6.3. We say that u is e—monotone if there are a unit vector e and an angle Oq with 
00 > f (say) and e > 0 (small) such that, for every e' > e, 

(6.3) sup u{y — e'e) < u(x). 

Se'=i„ »o (®) 

We define r(0o, e) the cone with axis e and opening 0o- 

Definition 6.4. We say that u is e—monotone in the cone r(0o,e) if it is e—monotone in any 
direction r G r(0o,£)- 


One can interpret the e—monotonicity of u as closeness of the free boundary to a Lips- 
chitz graph with Lipschitz constant sufficiently close to 1 if we depart from the free boundary 
in directions e at distance e and higher. The exact value of the Lipschitz constant is given 
by (tan^) . Then the ellipticity propagates to the free boundary via Harnack’s inequality 
giving that T is Lipschitz. Furthermore, Lipschitz free boundaries are, in fact, C^’°‘ regular. 

For p = 2 this theory was founded by L. Caffarelli, see ISIllIH!. Recently J. Lewis and K. 
Nystrom proved that this theory is valid for all p > 1, see nnun]. 


For viscosity solutions we replace the e—monotonicity with slab flatness measuring the thick¬ 


ness of d{u > 0} n Br(x) in terms of the quantity h{x,r) introduced in (2.3). In other words, 
h(x, r) measures how close the free boundary is to a pair of parallel planes in a ball Bj.{x) with 
X G F. Clearly, planes are Lipschitz graphs in the direction of the normal, therefore the slab 
flatness of F is a particular case of £—monotonicity of u. 

Hence, under /iq— flatness of the free boundary we can reformulate the regularity theory 
“flatness implies (7^’“” as follows: 


Theorem 6.5. Let Xq G d{u > 0} and r > 0 such that i?r(xo) C fl. Then there exists h > 0 
such that */r n Br{xo) C {x G : —hr < (x — xq) • u < hr} then F C Br/ 2 ixo) is locally (7^’“ 
in the direction of v, for some a G (0,1). 


7. Geometry of eigenvalues 

Here we present some results that are related to the characteristic numbers and the eigen¬ 
values of the p-Laplace-Beltrami operator for p ^ 2. 

7.1. Homogeneous p- harmonic functions in complementary cones. Let us consider 

Pp{R,ui,U20) f \Vui\P f 

^ JBr JBr 


ivu2r, 
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for given Ui = r^‘gi{9), with i = 1,2 such that ui,U 2 are p—harmonic in two complementary 
cones. Here r,0 are the polar coordinates. We will show an estimate on the eigenvalues Ai and 
A 2 of the p-Laplace-Beltrami operator, namely we prove that 


(7.1) 


\/Ai (Ai (p — 1) + 2 — p) + a/A2(A2(p — 1) + 2 — p) > 2, 
with equality if and only if both functions are linear. 


In turn, this implies that pp(ii,rti,M 2 O) is non-decreasing in R. Furthermore, (pp(i?,M i,M 2 O) is 
constant if and only if Ai = A 2 = 0. 


7.2. Properties of Eigenvalues. In this section we prove a relation between the eigenvalues 
of the p—Laplace-Beltrami operator that correspond to two complementary cones. We begin 
with an existence result of P. Tolksdorf [53], page 780, Theorem 2.1.1 and Corollary 2.1. 

Theorem 7.1. Let S := (0,a;), with uj S [0, 27r]. Then there exists a solution {X,(p{9)), with 
9 gS of 


(7.2) 

such that 


d 
' d9 


{(A^p^ = A(A(p- 1) -k 2 -p)(AV^ + T in S, 

ip{9) = 0 on dS, 


A > max 1 0, ^ —- 1 , p > 0 in S', 

I P- 1 J 

and p^ -I- pg > 0 in S. 

Furthermore any two solutions are constant multiples of each other. 


M. Dobrowolski computed explicitly the value of A in (7.2), see [T^ page 187, Theorem 1: 


Theorem 7.2. Let p he given by Theorem 7.1 Then 


(7.3) 

where 

(7.4) 

(7.5) 


s + -I- 7 , 


U! < TT, 


A— { s—.^/s'^ + Y 7r < w < 27r, 


p-i 
p ’ 


u} = 2 t:, 


P ■= 


and s := 


(p - l)p - 2p p - 2 


2 p(p-l) 2(p-l) 2(p-l) 

The key result of this section is contained in the following lemma. 


Lemma 7.3. Let Ai be the solution of (7.2) for Si := (0,a;) and A 2 for the complementary arc 
S 2 ■= {uJ, 2 tt). Then 


(7.6) 


Y Ai (Ai (p — 1) -l- 2 — p) -|- Y A2(A2 (p — 1) -I- 2 — p) > 2. 


Furthermore equality holds if and only if Xi = X 2 = 1, i.e. for half circles S = (0,7r). 
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Proof. Without loss of generality we may assume that ui < tt. Next let us notice that the 


eigenvalue A is determined by the size of the arc only. Hence for S 2 we have by (7.41 

"271 — w 


P2 = 


-1 - 1 = 1 - 




-1. 


Thus Pi = P 2 = P and from (7.5) we infer that si = S 2 = s. In order to prove (7.6) it is enough 
to check that 


(7.7) 


i + 2Vn>A, 

where I := Ai(Ai(p - 1) + 2 - p) + A 2 (A 2 (p - 1) + 2 - p) 
and II := AiA 2 (Ai(p - 1) + 2 - p){X 2 {p - 1) + 2 - p). 


In order to prove this, we notice that, by (7.3), 



which gives 

(7.8) I = (A^ + A2 )(p — 1) + (2 — p)(Ai + A 2 ) = (p — 1) ( 4s^ + y ) + 2s(2 — p). 
For convenience we introduce a new quantity 


(7.9) 


P 


and notice that, by (7.4), we have that t > 1 and, by (7.5), one has 

1 


(7.10) 


s = 


2 (p-l) 


(p-2+pt). 


Hence (7.8) can be manipulated further in the following way: 
1 = 2 

= 2 


(p- 1) ( 2s^ + i ) + s(2 -p) 


= 2 


s{2s(p- 1) + (2 -p)} + (p- 1)- 

P 

s{(p-2+pt) + (2-p)} + (p- 1) 


1 

P\ 


= 2 [spt - t{p - 1)] 

= 2t[sp-(p-1)]. 
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Similarly, using (7.3) and (7.10) we get 


II = AiA2(Ai(p-1) + 2-p)(A2(p-1)+2-p) 

= -- [AiA2(p - 1)^ + (p - 1)(2 - p)(Ai + A 2 ) + (2 - pf] 
P 

= -- --(P-1)^ + 2s(p-1)(2-p) + (2-p)2 

PIP 

= t\t{p-lf‘+ 2s{p-l){2-p) + {p-2f] 

= t [t{p -if + ip-2+ pt){2 - p) + (2 - p)^] 

= t [t{p - if + pt{2 - p)] 

= t\ 


Thus, putting together the last two formulas, 

/ + 2 fn = 2 t[sp - (p - 1)] + 2 t 
= 2 .t [sp - (p - 1) + 1] 
P 


= 2 t 


2(p-l) 


(p- 2 + pt) - (p- 1) + 1 


(7.11) 


[p(p - 2 +pt)- 2(p - l)(p - 2)] 


P- 

t 


- [p^ - 2p + p^t - 2p^ + 6p - 4)] 


- [p2(t- 1) +4(p- 1)] 


P- 

= At+ -f^t{t-l) 
>4 


p- 1 


since t > 1, which implies (7.7) and finishes the proof of Lemma 7.7 


□ 


7.3. Computing the logarithmic derivative. In what follows, fixed ui and U 2 , we put 
<p(i?) := <Pp(i?, Ml, it 2 ,0). In order to prove that tp is non-decreasing in R, it is enough to prove 
that <p'{R) > 0 for i? = 1, since p is scale-invariant. For this, let Ji := |VMi|^. Then we 

have 

J[{R) , J^(i7) 4 


(7.12) 


(logp(i?))' = 


p{R) 


Ji{R) J2{R) R 
/bJVmi|P JsJ^U2\P R 
R[ /sjVziilP 


-4 


Next we notice that 


(7.13) f |Vm,|p = f \Vu,\P-\~ 

JBi JdBi OV 


< 


UdBi 


\vu,\p-^uj / ivM^r-^M?,, 


IdBi 


f = 1,2, 
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where Ui^i, = Mi,rad is the radial derivative (in direction of the outer unit normal u of unit circle). 

Next decomposing |VMip into the sum of the squares of the radial and tangential derivative, 
Mi,e, we obtain 


(7.14) f iVM^r = [ + 

JdBi JdBi 


> 2 


JdBi 


IVmj 


|P-2„2 


(,rad 


fdBi 


IVmj 


|P-2„2 . 


Hence to prove that ip is monotone it is enough to check that 


\s/u,r^ui, 


'Si 


'Si 


\yu,r^ui 


\\/u2r^uig 


'S 2 


'S 2 


\\/U2\P-^ul 


-2 > 0 . 


H{ui) 


H(u2 ) 


1 

2 


Here Si := suppUi n dBi. For the solutions {Xi,ipi) of the eigenvalue problem on Si stated in 
Theorem 7.1 and (7.61 we infer that H{ui) + H{u 2 ) > 2, thanks to (7.6). 

Recalling the notation in (7.7) and observing that in (7.11) the equality I + 2 '/Il = 4 holds 
if and only if {t — 1)(4 + = 0, we conclude that t = 1. On the other hand, the equality 

holds in (7.6) if and only if i = 1, i.e. by (7.9) when p = —1, and hence, in view of (7.4), when 
a; = TT, which corresponds to the half circle. This implies that p is non-decreasing, and in turn 


shows (7.1). 
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